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All questions carry 10 marks. Answer all questions
1. If [ : GLa(R) = GL,(R) is defined by f(A) = A1, prove that for all B in M, (R),

Df(A)Y(B)=—-A"1BA7L.

2. Suppose U is an open set in R™ and f : U C R" — R is a differentiable function.
Let z( be a fixed element in U where at least one partial derivative of f is not equal
to zero. Let us denote by S™ !the set

stli={r e R™: |lzl] = 1}.
Define a function

g:S" o R, g(v) = |Dyf(x0)].
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3. Prove that for all A € GL,(R) and for all X € M, (R),

Prove that g attains its maxima at the points +

D(det)(A)(X) = det(A)Tr(A 1 X).

4. Suppose U is an open convex set in R® and f : U — R be a C?-function. Prove
that for all @ in U and h in R™ such that ||h| is sufficiently small, there exists a
real-valued function E defined on an open set containing zcro such that

(a) [|E(h)| — 0 as [|h]| — 0.
(b) f(a+h) = f(a)+(Vf(a),h)+ §D*[(a)h + ||| E(h).
5. Suppose U C R™ is an open set and f : U — R™ is a smooth function. More-

over, assume that there exist (zg,y9) € R™™™ x R™ such that f(zo,y0) = 0 and
Dgm f(z0, o) is invertible. Let

M ={(z,y) e U: f(z,y) = 0}.

Let p € M. Prove that there exists an open set U in R® ™ and a smooth map
¥ : U — R™ such that ¥(U) is an open subset of M containing p, ¥ is one-one and
has moreover, Dy(z) has rank n —m for all z € U.
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(0,0} = (reosdsine.rsinfsino.rcos o).

7. (a) Prove that if w is a k-form on an open subset U of R™, k being odd. then
wAw =0

(b) Suppose the coordinates in R4 are given by z1,72,v;.y2. Consider the 2 form
in R defined by
w=d(z))Ad(yr) + d(z2) Ad(y2)-

Then prove that w A w # 0.

8. Let (U,4) be a parametrized 2-surface in R3 and let X;. X2 denote the coordinate
vector fields along ¥, We define three functions £, F,G on U as

E = (X1,X1),G = (X2, Xo) , F = (X1, X2),

ic, for pe U, E(p) = (X1(p). X1(P))1, ., (w(v)) » Cte-
Then prove that

Vol(w(U)) = | VEG(uy,uz) — F?(uy,uz)duidus.
U

9. Construct an orientation form on a regular n-level surface in R™*2 and compute the
formula for the corresponding volume form.

10. Consider the trapezium with vertices (a,0), (b,0), (¢, f). (¢,d). . Here, b > a, ¢ > a,
f>0,¢<bandd > 0. Morcover, let 1? := [0, 1] x [0, 1]. Consider the parametrization
of the boundary of the trapezium given by

y=y Uy Uy Uy :0R — R?, where,

7(t,0) = (1-1t)(a,0)+t(b,0)
v2(1,8) = (1-1t)(b,0)+t(c,d)
wl-t1) = (1-t)(cd)+te])
7(0,1-1) = (1-1t)(e ) +(a,0)

Parametrize the interior of the trapezium by

Using the Green'’s theorem for the rectangle, prove the Green’s theorem for the
trapezium.
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