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1.

o

Determine the differential equation corresponding to the family of curves y = c(z — ¢)? and
analyze its singular solutions. [5]
. Find the general solution of the differential equation
y(y — 2)y* + (20 — 2y — )y’ + 2 =0
and obtain a particular solution valid on the whole real line and passing through the point
(—2/9.0).
51
. . . 9 9 2r d .
Solve the differential equation (D — 2)7y = a7¢*" sin 2r. where D = I (5]
dw
. Let us consider a lnear system controlled by the ordinary differential equation
ay”(t) + by (1) + cy(t) = g(t).
Here a, b, ¢ are real constants. Prove or disprove the fact:
« . Y(s , . .
“The transfer function H(s) = G0s) depends only on choice of a, b, ¢ but not on the inpul function
7S
q 77.
Here Y = L[y] and G = L{g] denote the Laplace transformation of y(¢) and g(t) respectively. (5]
Consider the differential equations
d dx
— [P)=— | +Q1(t)x = 0 1
SO A RTEN0 )
d dz
— |P{ty— + tix = 0, 2
o lPo%) suns = o )

where P(t) > 0 has a continuous derivative and @1 and Qy are continuous and Qq(t) > Q(¢)
ona <t <b Let a <ty <t <band ¢; be the solution of Equation (i) such that ¢;(ly) =
co, Pito) = ¢y for i = 1,2, where ¢y > 0 and ¢; > 0 if ¢y = 0. Suppose ¢2(L) > 0 for ty < t < (.
Show that ¢1(t) > d2(1) for Ly < i < 1. 5]
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6. Let © be a solution of the non-homogeneous system
Y(t) = AY (t) + G(t),
yi(t)

ya(t . _ .
where A is an n X n constant matrix, Y' (1) = : ) and G(t) is n x 1 matrix with a period

UHU)
w > 01ie., G(t+w) = G(t). Prove that the system has a unique solution with period w if and

only if Y’(t) = AY(t) has no solution with period w except Y = 0. 5]

7. If x = oo is a regular singular point of the hypergeometric equation
€ a+ 1)z
:c(l—i>y"+ (c—z)— lat y —ay =0,
b b
then show that » = oo is an irregular singular point of the differential cquation
zy" + (c—x)y —ay = 0. (3)

Find the general solution of the differential equation (3) near its regular singular point. {1 + 4]

L 1

8. Solve the partial differential equation

0%u QE

i - — A 3-~cx.’1'.
ox? Oy o

where A > 0 and « > 0, and the given boundary conditions are

u(0,y) = 0, y>0,
u(l,y) = 0, y>0,

w(z,0) = sinz, 0 <a < L.
(5]
9. Find the gencral solution of differential equation
(12z + 29y)z dz — (112 + 12y) 2 dy — (22* + 32y — 2%)dz = 0
and determine the integral surface which passes through the curve y = 0, z = 25. 5]

10. Consider the nonlinear autonomous system

d

—df = dx +4y — 2(2* +9°)

)

—(d!t/ = —do + 4y - y(2* +9?).

(a) Transform the system into polar coordinates. Then, using the Poincaré-Bendixon theorem,

show that there exists a closed trajectory lying between the circles r = 1 and r = 3.



11.

12.

13.

(b) Find the general non-constant solution = = x({) and y = y({) of the original system, and
use this to find a periodic solution corresponding to the closed path whose existence was

established in (a).
2+ 3]

Classify all the bifurcations and plot the bifurcation diagram for —> < r < >c and indicate the

stability of the various branches of fixed points for the system & = ra — sina. 5]
Find and classify the fixed points of the following Lorenz systemn

r = oa(y—u)

Y o= TT -y — Xz

2 = xy— bz,
where o.7. b > 0. Examine the stability of the fixed point at origin. 5]

Determine the curve of fixed length [ that joins the points (0. 0) and (0, 2), lies above z-axis, and

encloses the maximum area between itselfl and the z-axis. 9]
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