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Answer all questions. Each question carries 20 marks.

1. Suppose that Q # 0, F is a field on Q and . : F — [0,00) is a finitely
additive function, that is,

p(AT UL UA) =) p(A) for all disjoint Ar,.... An € F.
=1

Assume that if A,, € F are such that A, | 0, then u(A,) | 0. Suppose
Ay, Ag, ... € F are disjoint such that

o0
A= U A, € F.
n=1

Define
B, =A4,UA,;1U... foralln>1.

(a) [8 marks] Show that B, | ) and hence argue that
w(Bp) 1 0.

(b) [8 marks] Hence or otherwise, prove that
p(A) =D p(As).
i=1

(c) [4 marks] Hence or otherwise, show that p can be extended to
a measure on (€, 0(F)).
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2. Suppose (£, A, ) is a measure space and f : Q — R is an integrable
function.

(a) [10 marks] Show that

lim [fldu=0.

" Jif1>n

(b) [10 marks] Hence or otherwise, show that given £ > 0, there
exists § > 0 such that

/Alfldus€

whenever A € A is such that u(A4) < 4.

3. Suppose (€2, A, 1) is a finite measure space and f : 2 — [0,00) is an
A-measurable function. Let F C A be a o-field. Assume that there
exist a sequence oy, such that 0 = ap < a3 < as < ... and o, 1 o0,
which satisfy

[f <aple Fforalln>0.

(a) [10 marks] For n fixed, defined a measure v, on (2, F) by
V,L(A):/ : fdu, Ae F.
Aﬂ[an—1<fsan]

Show that v,(2) < oo and v, < p and hence argue that there
exists g, € L'(Q, F, u) with g, > 0 such that

/ gndp =vn(A) for all A e F.
A

(b) [4 marks] Show that for all n > 1,

/gndﬂz/ fdu, Ae F.
A An[0n—1<fSan]

(c) [4 marks] Let

o
g:Zgn-

n=1
Show that i
/gd,u: /fdu forall A € F.
A JA

(d) [2 marks] Prove that g < co p-a.e.
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4. Let (9, A, i) be a finite measure space and f : Q — R be a measurable
function.

(a) [3 marks] If ||f]l«~ = 0, show that f = 0 a.e. and hence argue
that || fll, = 0 for all 1 <p < oo.

(b) [5 marks] Assume ||f|l~ > 0 and fix 0 < a < ||f|lx. Define
A =[|f] > a] and show that

/lfl” dp > o’ p(A).
(¢) [4 marks] Hence or otherwise, prove that

hgggolf W1y = N f 1l -

(d) [6 marks] Show that || f|l, < ||flleope(92)1/P for all 1 < p < oo
and hence argue that

limsup || fllp < |[flleo -
p—oc

(e) [2 marks] Hence or otherwise, show that
Tim ([ fllp = {1 lloe -
P00

5. Suppose (§2,.4) is a measurable space on which y and v are o-finite
measures such that yu <« v. Let

dp
dv’

that is, f : © - [0,50) is a measurable function satisfying
wA) = / fdvforall Ae A.
. [/‘

Assume that f > 0.

(a) [8 marks] Define
1

f

Show that for all A € A,

/g(,l/z,:/ gfdv.
JA JA

(b) [6 marks] Hence or otherwise, show that
/ gdu=v(A) forall Ac A.
JA

(c) [6 marks] Hence or otherwise, prove that v < p and
dv
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