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Q.1 Let vl Y, be a random sample from a normal distribution with parameters 0 and o 1
1
Define

R:ZXm/ Doxzyove

Find the asymptotic distribution of R. Hence show that R 5 P
[ You may use the fact: Let X ~ N(0,1) then E(X?) = 3. ] [10 + 4]

Q.2 Let X be a p x p positive definite covariance matrix, and consider the problem of approximating > by
a p x p matrix Al of rank k obtained by minimizing

1/2
P

p
12— M| = ZZ Tij — m”

Show that )
IS — M :trace{ Q- A(Q A }

where ¥ = TAI'" (the diagonal elements of A are ordered), and Q = I'" MT. Hence, show that the
matrix M of rank k, which minimizes ||> — M| is the k-PC projection matrix. [12]

Q.3 Let C be a psd matrix. Then show that 6, ; = ¢;, + ¢;; — 2¢;; > 0 for all (i, 7). Further, show that the
distance matrix formed by the components d; ; = /9, ; satisfies the triangle inequality. 4 + 6]

Q4 Let M and W be independent Wishart variates, M ~ W,(Z,q) and W ~ W,(X,n), n > p. Let
T =M + W, and partition W and T as follows:

=l il =l
where both Wy ; and 77 ; are r x r matrices, 7 < p. Define the A- statistic as
det(W)  det(Wr 1)  det(Wao )
T det(T) T det(T1y) - det(Toay)
(a) Find the distributions of Aj.
(b) Show that A, and A, are independently distributed.

:A1 XAQ.

(¢) Hence, or otherwise, find the expectation of Ay, 4+14+7



Q.5 Consider the normal linear regression model with response y and p non-stochastic covariates {xy. ... Ty}

There are n observations on {y,x,,...,z,}. The i-th observation of y. y;, is related to the i-th obser-
vation of {z1,...,x,}, x;, as

yt - X)',} ﬁ + e'i»
where e, = [e), ... ,en}T ~ N,,(0,0%1). Assume further that the n x p design matrix X = [xp @ x,LJT
has rank p. Consider the problem of testing Hy:a' 3 = 0.
(a) Find the LR test statistic for testing Hy.
(b) Find the exact distribution of the LR test statistic obtained in part (a).

(c) Next suppose B = [B] : B}], where B; € R? with ¢ < p. Find the LR test statistic for testing
Hy : 82 =0.

(d) Find the exact distribution of the LR test statistic obtained in part (c). [4+4+4+3|
Q.6 Consider a sample of size N; from a N, (. %) distribution (i = 1.2, 3).

(a) Find the likelihood ratio (LR) statistic (say. Ag) for testing H : ¥y = Y9 = X3, given ¥} = .

(b) Also find the LR test statistics Ay for testing Hy : ¥ = Y. [5+ 5
Q7 Let X; = p+U, +Af, i =1,...,n, and {(fL.U;).i = 1...., n} are iid samples from a normal

distribution with mean 0 and variance diag([, ).

(a) Let F, ={f1..... futand X,, = {X,.. ... X .} be observed. Find the likelihood of (. A, ¥) given
{X—n,a F'n }

(b) Show that, when F, is included in the data, then the sufficient statistics is {X,,,. f,“ Sn,Sef =
cov(X,,, F,), Sy = var(F,)}, S, ; and Sy indicate the sample covariance of X, and F),, and sample
variance of Fj,.

(c) Show that the conditional expectations of the covariances in (b) given © = {X,,, A, U} are
E(S, [ ) = S, g:f =k (S.T,f | ©) = S B, and Sj‘ =F (Sf | ©) = B,,TS,HB” +1 - ATBn:

where B, = (¥ + AAN)"TA.
(d) Finally, show that the MLEs of A and ¥ are

> vk ~k — = Yk vk — * 1

6 +6 + 6+ 6]
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