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Answer all questions.

(1) Let n € N. Show that there exists a surjective ring homomorphism
Ziz) — 2"
if and only if n < 2.
(2) Let R be a commutative ring with identity.
(a) Show that R[[z]] is a PID.
(b) Show that every maximal ideal of R[[X]] is of the form
m+ (X),

where m is a maximal ideal of R.
(3) Let

sare V1SV <202
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(5+5)

(5+5)

A=C[X,Y)/(X-Y?), B=C[X,Y]/(XY-1), C= ClX,Y)/(X2+Y?%-1).

Examine whether A2 B, B~ C, and A = C as rings.

B+3+4)

(4) Let R be an integral domain. Let T' be a torsion module over R, and let F be a free module over R.
Show that Homp(T, F') = {0}. Is this statement true if R is not an integral domain? (6+4)

(5) Let p € Z be a prime, and let

M={%
p

(a) Show that M is a Z-module.
(b) Show that M ®z (M/Z) = 0.
(6) Let M = Z/10 ® Z/12.
(a) Find all primes p € Z such that M) # 0.
(b) Describe M(s).

aEZ,nEN}.

(7) Find the invariant factors and the Jordan canonical form for the matrix

2 -2 14
0 3 -17
0 0 2

(8) Let G be a finite abelian group.
(a) Show that G is a torsion Z-module.

(5+5)

(5+5)

(5+5)

(b) Suppose G is not cyclic. Show that G contains a subgroup isomorphic to Z/(p) ® Z/(p) for some

prime p.

(9) Let R be a commutative ring with unity and M a Noetherian R-module.

(6+5)

(a) Let f: M — M be a surjective R-module homomorphism. Show that f is an isomorphism.

(b) Show that R/annr(M) is a Noetherian ring.
(10) State and prove the Hilbert Basis Theorem.

(5+5)
(2+8)
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