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The paper contains 80 marks. Answer as nmch as vou cans the maxiinun vou can score is G,

Note: N is the set of all natural numbers. and 2 is the set of all real numbers.

1. (a) Let f and g be monotone increasing functions from N to R™ such that f = O{g) on

the set S = {2 : k € N} and further, g(2**!) < 10 g(2%) for all k € N Show that
f = Ol(g) over N.

(by Ig 2ni+n™'? = 0(2”2>'? Justifv vour answer.
(O+5=10)
2. Consider the following algorithm on an mput arrav X{1...., n].
I« 1o+ X[1
2. for b« 2t n do
3 if N A} < then
1. J o kimo— X[k
5 end if
6. end for
Let N be the munber of times Step 4 is executed.
(a) What does the above algorithw do? Justify your answer.
(b) Suppose the entries of the array X ave from the set {1,...,r}. What are the minimun

and the maximum values of N7

Suppose the entries of the array X are independently and uniformty chosen bits. Whar
is the expected value of N7

(3+3+1=10)

Let J(T,,) and E(T},) be the internal and external path lenths of an extended binarv
tree T,, with n internal nodes. Show that E(T,,) = [{T,) + 2n for all n > 0.

Show that if an extended binaryv tree with n internal nodes has all its external nodes
at most at levels £ and ¢ + 1. then 2 < ;=1 < 2/+!



ot

No{a)

(h)

Constrnet o Huffiman tvee using the following munbers: 2060 100 130 210 27, 32, 41.

What data stinetures would vou use to implement the algorithm for constructing a
Huffman tree? Justifv vour answer.

(W1

(545 = 10)

Write psendocode for a modification of the quicksort aleorithm to find the median of
nombers

Derive the time complexity of vour algorithin,

(5+5=10)
Describe an algorithm to build a min heap on an arrav of n nuunbers.
Derive the time complexity of vour algovithm.

(5+5=10)

Provide a top level description (psendocode not required) of Batcher's sorting algo-
vithm.

Let CEfa by = (minfa.b)omax{a. b)), Suppose the following sequence of CE operations
is executed on input (.o, vy ).

(o ) <= CE(ry. )
(o) «— CECGr oo
frgoary b= CELrg o)
1y} = CE(ry gy
(o) = CELry )
w) = CE{rg ey).

Daoes this sequence of operations sort the input (o 0g. g 0g)? Justify vonr answor.

3

(61 =10)

Describe the weighting and collapsing rule of the union-find algorithimn.
What is the minimmun numnber of mion operations required to obtain a tree of height
4 nsing the above riles?

(6+4=10)
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